Optical vortex beams have an extensive history in terms of both theory and experiment, but only recently have electron vortex beams been proposed and realized. The possible applications of these matter vortex waves are numerous, but a fundamental understanding of their interactions with atoms and molecules has not yet been developed. In this work, fully differential cross sections for fast (e,2e) collisions using electron vortex projectiles with small amounts of quantized orbital angular momentum are presented. A comparison is made with the fully differential cross sections using plane wave projectiles and a detailed study of angular momentum transfer is included. Results indicate that ionization by electron vortex beam projectiles is much less likely than for plane wave projectiles, and the angular momentum of the incident electron is transferred directly to the ionized electron.
understanding of the interaction of EVBs with even simple atomic targets. Ionizing collisions using EVB projectiles represent a much broader field of study due to the additional degrees of freedom offered by a second free electron after the collision. Here, we study ionization of atomic hydrogen using EVB projectiles and specifically explore angular momentum transfer to the ionized electron. We show that the theoretical approach is easily generalized to more complex targets and more sophisticated models than the FBA. Atomic units are used throughout unless otherwise noted.
Theory
Because very little work exists for collisions between EVBs and atoms, we present here fully differential cross sections (FDCS) using the first Born approximation (FBA) for ionization of hydrogen. In an FBA model, the free electrons are modeled as plane waves, however, in the case of EVBs, the incident projectile is a vortex beam, such as a Bessel beam. In a perturbative model such as the FBA, the FDCS is proportional to the square of the transition matrix Tfi 
Here pa  is the reduced mass of the projectile and target atom, ie  is the reduced mass of the proton and the ionized electron, f k  is the momentum of the scattered projectile, e k  is the momentum of the ionized electron, and i k  is the momentum of the incident projectile. Insertion of complete sets of position states into Eq. (2) results in an integral over all position space for each of the particles in the collision. For EVBs, it is most convenient to use cylindrical coordinates for the projectile and spherical coordinates for the atomic electron. Then, the momenta can be written in terms of their respective components as ⃗ = ⊥̂1 +1, ⃗ = ⊥̂1 +1, and ⃗ =2. We consider here what is traditionally referred to as coplanar geometry, in which the final projectile and ionized electron momentum lie in the same plane.
The initial state wave function is a product of the incident projectile Bessel beam wave function ⃗ ( 1 ) and the target hydrogen atom wave function Φ( 2 )
We consider only the case in which the vortex beam is centered on the atom, such that the beam's orbital angular momentum axis intersects the center of the atom. The Bessel beam is the free particle solution to the Schrödinger equation in cylindrical coordinates and is given by
where is the azimuthal coordinate for the incident projectile momentum, l is the quantized orbital angular momentum of the incident projectile, and ( ⊥ 1 ) is the Bessel function. The longitudinal and transverse projectile momentum appear explicitly in this equation as and ⊥ , as well as the quantized OAM l. This Bessel beam can be rewritten as a superposition of plane waves [15] such that
The final state wave function is a product of the scattered projectile wave function ⃗ ( 1 ) and the ionized electron wave function
The perturbation Vi is the Coulomb interaction between the projectile and target atom, which is given by
for an electron incident on a hydrogen atom.
As in [15] , we assume that the scattered projectile leaves the collision as a plane wave given by
This allows us to write the vortex transition amplitude in terms of the plane wave transition amplitude, which is easily calculated and well-known. Combining equations (3)- (8) 
where ( ) is the transition amplitude for an incident plane wave scattering on a hydrogen atom. A major advantage of Eq. (9) is that because the vortex beam transition amplitude is written in terms of the plane wave transition amplitude, it is easily generalized to more complex targets or more sophisticated models. While the derivation of Eq. (9) requires that the scattered projectile be a plane wave, it has no such requirement for the treatment of the ionized electron or the target atom. Thus, one can calculate using any theoretical technique or any target atom and simply insert the result into Eq. (9) to find the EVB amplitude. One only needs to take care of the calculation of the "momentum transfer" = ⃗ − ⃗ , which in the case of an incident vortex beam must be written in terms of its parallel and perpendicular components. Keeping close track of the azimuthal angle for each of the momenta, the magnitude of the momentum transfer can be written as
where = 0 for the coplanar geometry used here.
This expression for momentum transfer combined with the Bessel beam expression as a superposition of plane waves makes it clear that there is no longer a single momentum transfer vector because of the dependence on [15] . In the case of either excitation of hydrogen or ionization of hydrogen where the ionized electron is treated as plane wave, evaluation of can be performed analytically. Then, Eq. (9) is evaluated numerically. Note that if the orbital angular momentum of the incident projectile is zero and its momentum vector is oriented along the z-axis, the momentum transfer reduces to the standard form and evaluation of Eq. (9) results in the appropriate plane wave transition amplitude.
Ionization from ground state
For ionization from the ground state, the plane wave transition amplitude is
where the ground state hydrogen wave function is given by
Evaluation of the integral 1 in Eq. (11) yields
From here, the remaining integral over 2 can be evaluated either numerically or analytically.
Numerical evaluation of Eq. (13) provides easy flexibility in the choice of target wave function or ionized electron wave function. One could easily replace these with an excited state of hydrogen or a more sophisticated treatment of the ionized electron. For ionization from the ground state, analytical evaluation of Eq. (13) yields
where again is written in terms of its parallel and perpendicular components and
with = for the coplanar geometry used here.
Partial Wave Amplitudes
Because we are interested in OAM transfer from the projectile to the ionized electron, it is advantageous to evaluate Eq. (13) numerically. This allows for a straightforward insertion of a partial wave expansion for the ionized electron plane wave
where ( 2 ) is the spherical Bessel function, (̂•2) is the Legendre polynomial, and corresponds to the partial wave with angular momentum ℏ. Then, Eq. (13) becomes
From this, the transition amplitudes for individual partial waves can be calculated, which show the relative importance of the amount of angular momentum transferred to the ionized electron.
Insertion of Eq. (17) into the vortex transition amplitude of Eq. (9) then explicitly demonstrates the transfer of the quantized angular momentum of the incident vortex beam to the ionized electron.
Results

Plane Wave vs. Electron Vortex Beam
The use of EVBs as projectiles results in a larger kinematical parameter space than traditional plane wave (e,2e) collisions. In plane wave (e,2e) collisions, the kinematical parameters consist of the incident energy, ionized electron energy, and projectile scattering angle and therefore the FDCS are triply differential. For EVBs, there are also the parameters of opening angle = tan −1 ⊥ and incident OAM. Thus, the FDCS become 5-fold differential cross sections. In order to conduct a comprehensive study of the effect of these parameters, we explore a range of parameter space within acceptable limitations of the FBA and experimental limitations of EVB generation.
We begin by calculating the FDCS for incident plane waves and vortex beam electrons with energies of 500 eV and 1000 eV. Typical energies of experimental EVBs are on the order of a few hundred eV [8, 9, 11] , and our use of incident energies of 500-1000 eV ensures that the perturbative FBA is valid. Specifically, the perturbation parameter = | | should be less than unity for the FBA to be valid, and the energies chosen here correspond to = 0.16 (500 eV) and = 0.12 (1000 eV). Three ejected electron energies of 20, 50, and 100 eV are used, again keeping in mind that the use of a plane wave to model the ejected electron requires larger energies. From (e,2e) studies, it is known that the differences between a plane wave treatment and other more sophisticated CCC, R-Matrix, and distorted wave treatments of ionized electrons are minimized for energies greater than 20 eV.
Typically, plane wave (e,2e) collisions involve scattering angles of a few degrees, depending on the incident projectile energies. We have chosen to use three scattering angles of 1, 10, and 100 mrad (0.0573, 0.573, and 5.73 degrees). Finally, we study the effect of the EVB parameters by examining projectiles with one or two units of OAM, as well as opening angles of 1, 10, and 100 mrad. We note that EVBs with angular momentum values up to a few hundred ℏ have been produced [10] , but for the sake of clarity we limit the scope of this work to small OAM values. Additionally, the results presented here indicate that the FDCS decrease in magnitude rapidly as OAM increases, making ionization by high OAM EVBs unlikely. As the scattering angle increases or the ionized electron energy decreases, the direction of the momentum transfer moves away from the beam direction. Also, as the ionized electron energy increases, the magnitude of the FDCS decreases. Analysis of the EVB results yields the following global trends. Like the plane wave FDCS, the EVB FDCS show a two peak structure.
However, at the smallest scattering angle, there are no longer forward and backward peaks, but instead two forward peaks are located symmetrically to either side of the z-axis. At the largest scattering angle, the binary and recoil peak structure returns, but the peaks are no longer located at the linear momentum transfer direction. In fact, in most cases, a minimum is observed at or near the linear momentum transfer direction. Like the plane wave FDCS, the magnitude of the EVB FDCS decreases with increasing scattering angle and ionized electron energy. For the smallest scattering angle, the EVB peak magnitude and locations are nearly symmetric about = 180°, but this symmetry is broken as the scattering angle increases. At the largest scattering angle, the binary peak is generally larger in magnitude and almost no recoil peak is observed. The two peaks that are present are both located in the forward direction on either side of the z-axis. While most of these trends hold for an incident OAM of two (Figs 4-6 ), the symmetry of peak location and magnitude does not exist in this case. Also, the overall magnitude of the EVB FDCS for OAM of two is 2-8 orders of magnitude smaller than the plane wave FDCS and 1-5 orders of magnitude smaller than the FDCS for OAM = 1. This indicates that ionization by EVB projectiles is most likely to occur for small quanta of OAM and large opening angle, and may only rarely occur for large angular momentum or small opening angle. While the FDCS for ionization by EVB is much smaller than the FDCS for ionization by plane wave, the EVB cross sections here are roughly the same order of magnitude as those for excitation of hydrogen by EVB [15] . This has important consequences for future experiments using EVBs because it indicates that any models for EVB applications will therefore need to include both excitation and ionization processes. Despite the small cross sections, one of the advantages of using EVB projectiles in (e,2e)
collisions is the opportunity to study OAM transfer. Specifically, EVBs with discrete amounts of OAM combined with the partial wave amplitude analysis described in section 2.1 provide a unique opportunity to determine if and how the OAM is transferred to the ionized electron. Table 1 Ejected electron partial wave FDCS and amplitudes in a.u. for = 0. The incident projectile energy is 1 keV, the ionized electron energy is 20 eV, and the scattering angle is 1 mrad.
The partial wave analysis shows some interesting features and we again begin with some observations of the plane wave amplitudes. From Fig. 7 and Eq. (14), it is obvious that the plane wave amplitude is purely real and the magnitude of the individual partial wave amplitudes decreases with increasing . For a plane wave projectile, the largest amplitude is for = 1,
indicating that the ionized electron is most likely to leave the collision with one unit of angular momentum. However, the = 1 FDCS shows equal magnitude binary and recoil peaks and the correct magnitudes are only obtained when the = 2 amplitude is included. The binary peak amplitudes constructively interfere, while the recoil peak amplitudes destructively interfere to
give the resulting large binary and small recoil peaks in the FDCS. The number of peaks in the plane wave amplitudes and FDCS correspond to the appropriate shapes for s, p, d, f, etc waves, and all plane wave partial wave amplitudes are symmetric about the momentum transfer direction.
For EVB projectiles with OAM = 1, the partial wave amplitudes are purely imaginary, while for OAM = 2, they are purely real. This is due to the (− ) factor in the incident Bessel beam expression of Eq. (5). For both values of incident OAM, the EVB partial wave amplitudes are smaller than their plane wave counterparts, which is expected from the relative magnitudes of the FDCS. Unlike the plane wave partial wave amplitudes, which are symmetric about = 180°, the EVB amplitudes for OAM = 1are antisymmetric about = 180° with nodes at = 0° and 180° and they sum to produce a total amplitude that is antisymmetric about = 180°.
The EVB amplitudes for OAM = 2 are symmetric for > 1, but antisymmetric for = 1. This difference in symmetries results in significant shape differences in the EVB FDCS are observed for OAM = 1 compared with OAM = 2. Specifically, the two peaks in the FDCS for OAM = 1
are located symmetrically about the momentum transfer direction and with equal magnitude.
The FDCS for OAM = 2 on the other hand have a much larger recoil peak than binary peak.
This can be traced directly to interference of the individual partial wave amplitudes. Table 1 .
Comparison of the EVB amplitudes for OAM = 1 and 2 shows that for OAM = 1, the = 1 amplitude is the largest, while for OAM = 2, the = 2 amplitude is the largest. This indicates that if ionization occurs, the incident electron likely transfers all of its angular momentum to the ionized electron.
Conclusion
We have presented fully differential cross sections for ionization of hydrogen by electron vortex beam projectiles calculated within the first Born approximation. A range of kinematical parameters were used in order to study the effect of incident energy, ionized electron energy, and scattering angle. In general, the FDCS for the EVB projectiles are several orders of magnitude smaller than those of the plane wave projectiles. The shape of the FDCS for EVBs is also significantly altered from those of the plane wave projectile. In the case of plane waves, the FBA predicts binary and recoil peaks oriented along and opposite of the linear momentum transfer direction. For EVBs, no single linear momentum transfer direction can be defined, and the binary and recoil peaks in the FDCS are shifted from the plane wave predicted locations, with a minimum typically occurring near the linear momentum transfer direction.
Unlike their plane wave counterparts, EVBs carry discrete quantities of OAM and are characterized by their opening angle which relates transverse and longitudinal momenta. This OAM can be transferred to other particles during the collision process. By expanding the ionized electron wave function in terms of partial waves, we were able to determine that the OAM of the incident EVB is transferred directly to the ionized electron. The partial wave amplitudes also showed zero amplitude for ejected electrons to be found near the linear momentum transfer direction.
While the FBA is a simplistic model for (e,2e) collisions, the results presented here are to our knowledge the first FDCS for ionization by EVB. The theoretical derivation for the EVB transition matrix can be written in terms of the plane wave transition matrix, making expansion to more sophisticated models and more complicated targets straightforward. We are currently expanding the FBA model to include a distorted wave treatment of the ionized electron so that slower ejected electron energies can be studied. In addition, we are also generalizing the model to multi-electron targets.
